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XIIL. Addition to Memoir on the Transformation of Elliptic Functions.
By A. Caviey, Sadlerian Professor of Mathematics vn the University of Cambridge.

Received February 6,—Read March 7, 1878,

I HAVE recently succeeded in completing a theory considered in my ¢ Memoir on the
Transformation of Elliptic Functions,” Phil. Trans., vol. 164 (1874), pp. 897-456—
that of the septic transformation, n=7. We have here

1=y l1—w fa—pPBr+ys—08a\?
14y 14z <a+Bx2+ryx2+8m3> ’
a-solution of
Mdy B dz :
VI TT=dyp T S T=a® . 1 —ua®

where 1%4—;— 14 ?f} ; and the ratios o : B :y 96, and the wwy-modular equation are
determined by the equations
uMad =128,
1 2ay 4208+ 8% =v*(y*+2vy8+239),
Y+ 2By~ 208+ 288 =vu*(20y+2By+ 208+ B,
8+ 2yd=2"u"(a®+ 208);

or, what is the same thing, writing a=1, the first equation may be replaced by

7
8:—.%, and then, a, 8 having these values, the last three equations determine 83, y and
the modular equation. If instead of B we introduce M, by means of the relation
1 . 1 . . 1wt ‘
-M=1+2,8, that is 2;8=M—1, then the last equation gives Z'Y:“%S(M_;?); and

a, B, y, 6 having these values, we have the residual two equations

u2ay+208+ 4= v*(y’+2y5+288),
Y+ 2By~+2a8+Bo=1u*(2ary+2By+ 208+ 5°),

. . . . .1 .. . 1
viz., each of these is a quadric equation in —; hence eliminating ap ve have the

modular equation; and also (linearly) the value of i, and thence the values of

a, B, y, 8 in terms of u, v,

[28 ¢
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Before going further it is proper to remark that, writing as above a=1, then if
8=y, we have

1— B4y —dud=(1—Bx) (1 +4yx?),
1 +,8w+ym2+8w3= (14Brx) (1 4y,

and the equation of transformation becomes

l—y 1—w <1—,8x 2
1+y 142 \1+pBz/’°

viz., this belangs to the cubic transformation. The value of 8 in the cubic trans-
formation was taken to be ,8:7-?, but for the present purpose it is necessary to pay
attention to an omitted double sign, and write 8= :[:Qg ; this being so, §=py, and
giving to y the value Fu# & will have its foregoing value =1§. And from the theory
of the ccubic equation, according as ,8=Z-;;3 or =—%3, the modular equation must be
wr— vt 2up (1 —u*?) =0, or ut—v*—2uv(l —u*?)=0.

We thus see @ priori, and it is easy to verify that the equations of the septic
transformation are satisfied by the values

A 2!

a=1, B= Y= ut 6= = and w'—v'+2uv(l—u*?)=0;
ud al

a=1, ,8=——?)~, y= -—u‘*,S:;)—, and u*—vt—2u(l —v*?) =0 ;

and it hence follows that in obtaining the modular equation for the septic trans-
formation, we shall meet with the factors w*—v*+2uv(1—u*?*). Writing for shortness
uv=~0, these factors are u*—o*4-260(1—6?), the factor for the proper modular equation
is u4-1%—®, where

0=80—280*+560°—700*+560°—28¢°4 80"

[viz., the equation (1—u®)(1—0%)—(1—up)*=0 is uf40*—O=0], and the modular
equation as obtained by the elimination from the two quadric equations in fact
presents itself in the form

(ut— vt 420 —26°)(ut—vt— 20+ 20°)* (4P 45 —8) =0.
Proceeding to the investigation, we substitute the values
1 1wt ul
a=1, ,8:%(1\7[ — 1), y=_2_u3,03<ﬁ_;4>’ 8=Z

in the residual two equations, which thus become
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L, 2 )
:1\-1—2(1—1)) +ﬁ(1 —u)3(14uv)
7
+ {(1 —uf)—4(1 —uv)(l +%) } =0,
3
1\%{ — ¥ (1 —uv)3(14-uww) } +1\—2Z[{u%2(1 —uf) +%(1 + 2wP0?) (ut—ot) }
7
+{1§;+62~2(1—u202)—u91;2} =0,
the first of which is given p. 432 of the ‘ Memoir.” Calling them

(a, b, 0121\14’ ].)2?_— 0, (a', b, c'ﬁili, ‘1)2= 0,

1 2 ’ 4 7’ ’ . o6 7 7
MM 1=Dbc'—b'c:ca’—ca : ab’'—a’b

we have

>

and the result of the elimination therefore is
(ca’— c’a>2 —4(bc’—b’c)(ab’—a’b)=0.

Write as before uv=0. In forming the expressions ca’—c’a, &c., to avoid fractions
g p 9 )
we must in the first instance introduce the factor +%, thus

v*(ca’ —c'a)=v{v(l—uf) — 4(1 —0) (v+u)} { — (14 0) (1 —0)*}
— {ul 4 6ub0(1 —P)—v*0} {1 — 0},
=—0(140)(1—0)>{v*(— 3+ 40) +u’(— 40+ 36%)}
— {ult4 618 (60— %) —0*0°} (1 —28) ;

but instead of *»* writing u%", the expression on the right hand side becomes
divisible by «?; and we find

g<"a'“°'a)="(1+9)(1—9)3{v‘*(—3+40)+u4(—403+304)}

— {ulP+ 6ul(0— 0%) — ot} (1 —108),
and thence { ( ) i )

2 .
—%z(ca'—c'a)mt” +ut (60— 10634 116" —66°—86°+1067— 465

oA (—4+100—80— 65+ 116*— 1065+ 667) +v'2,
and similarly we have

2 .
%;(bc’—b’C):um(ﬁ—50+402—503+20*)+u4(90—1602+03+100++ 0> — 16654947
+ 42— 504 40— 565+ 50%),

2

oab’—ab)=u(0+ 0~ 0) 0" (2—504 44363 — 100"+ 36>+ 465 — 5074 26F)
+0(— 140+ 6
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say these values are
ul+put+ gt 4ol M4 put4 oot put4 ovt4rot
The required equatioﬁ is thus
0=(u®+put+qvi40'?)? — 4 (Mt put~v0t) (put 4 ovt4-m01?),
viz., the function is
2

+ul(2p—4\p)

+ud (2q0'+p*—4ho 0 —4pp)

+ (204 2pq0t— N0 — 4po 0t — dvpl*)

+% (2p0'+¢*— 4pr0'— 4vo)

+ 16 (29— 4vr)

+o*,

or say it is
=(1, b, ¢, d, e, f, 1Y u™, u'®, w8, 1, ¥5, v'6, o),

Supposing that this has a factor u3—©--1% the form is
(' 4+ BuS+ C+ DB +4-v'%) (u® — @ 42°);

and comparing coeflicients we have

B—6 =,
C—0B+ 6 =c,
D#—6C+B#i=d,
F—0D+C =g,
—o +D =,

where ® has the before-mentioned value
=(8, —28, 456, —70, +56, —28, +8Y0, &%, &%, 6%, 65, 6, 67);

from the first, second, and fifth equations, B=0+0, C=c+0B—®, D=/+06; and
the third and fourth equations should then be verified identically. Writing down the
coefficients of the different powers of 6 we find

2p=04+12 0—20422—12—164+20—8(€°. .. 6"
—4\p=0—204+20—364+60—44+4+36—284+8

b=0— 8+4+20—564+82—564+20— 8 0 »
=04 8—28456—704+56—28+4 8 O »

.B=0 0—8 0412 0—8 0 0 5
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that is
B=-—80+4120¢—860°;

and in precisely the same way the fifth equation gives
D= —86P1+120*—8¢p.

We find similarly C from the second equation : writing down first the coefficients of
P 2904 —4ho0, and —4pup, the sum of these gives the coefficients of ¢; and then
writing underneath these the coefficients of B® and of —@¥, the final sum gives the
coefficients of C: the coeflicients of each line belong to (6°, 6%, ... 6'%).

0036 0—120+1324 28—3164361— 20—340+396—144—112+164—80+16
— 84 20— 16— 124 22— 20 04 12

— 404140—21241404 80—188+168— 92— 64:4-176—164480—16
—36464— 404+ 60— 724+ 28 04 68—100+ 36

00 0+64—208+4352—272—160+463—160—2724+352—2084 64 0 0 0
00 0—64+224—3524+2244160—3924160+4224—8524-224— 64 -0 0 0
-1

00 O 04 16 0— 48 04 70 0— 48 04 16 0 0O 0 0

that is
C=1660"—486°+700°— 480} 166,

and in precisely the same way this value of C would be found from the fourth
equation. There remains to be verified only the fourth equation (D+4B)#—6C=d,
that is

: 2608(—80°4120*—86°) —OC = (2 — 4\7) 0+ (2pg — 4po— 4vp) 6%,

and this can be effected without difficulty.
The factor of the modular equation thus is
w1010 (— 8P 126" — 86°) (1S ++1%) + 166 — 486°+ 7005 — 48010+ 1602,
viz., this is
(U8 418)2 b (— 464 604 — 46%) 2(uS+17) + 16 64 — 48 65+ 6865 — 48010+ 162,
= (18— 40P+ 604 — 46°)2,

that is
fut =t —20(1—60) P {ut—*4+260(1—6%) 12,

MDCCCLXXVTil, , o I
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or the modular equation is
fut—*—20(1—0°) 1 {ut—0'4-20(1 — ) }*(ub+18—08)=0;

viz., the first and second factors belong to the cubic transformation ; and we have for

the proper modular equation in the septic transformation u®4v*—®=0, or what is

the same thing (1—u®)(1—v%)—(1—0)*=0, that is (1—u*)(1—12%)—(1—uv)3=0, the

known result; or as it may also be written (6—u8)(0—1%)+476(1—0)*(1—040°)*=0.
The value of M is given by the foregoing relations '

1
ek 1\2—4- D I= P put ot o — (ulput4gutot?) - put4ovtTot?

but these can be, by virtue of the proper modular equation, u®4v®—60=0, reduced
into the form

1

2
NN 1="7(0—vb) : 14(0—20°+20°—0") : —O+P,

viz., the equality of these two sets of ratios depends upon the following identities,

(—0+%) (P4 puttqut 40 + 14(0 —20°4-20° — 0) (put+ ov'+-10'?)
= {—Out+ (1 —0)(—4—0+50*— P — 40" 0"} (1P — B 4-5),
= 7(0—u®) (put+ v+ 702 — (0 — %) (NP4 part - vu®)
= {(204+ 50+ 300 — 20" —20°)u'+ (2420 =3P — 507 —20")v*} (u® — O 4-1),

—2(0—2602426°—0%) (\u*+ pt 4 vut) 4 (v — 0) (u - put4-gvt-4-0*?)
= {u?+0(1—0)(34 5043 ut—0v'} (u*— 04125,

which can be verified without difficulty : from the last-mentioned system of values,
replacing @ by its value uv, we then have

1 2 v . '

L= Tu(v—u") : Tduo(l—uw)(1 —uv+tu*?) © —o(u—17),

which agree with the values given p. 482 of the ¢ Memoir, and the analytical theory
is thus completed.



